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DEDICATED TO WALTER FEIT ON THE OCCASION OF HIS 60TH BIRTHDAY 
In his book [S, p. 4081, Walter Feit raises the following question: 
(Q) Do there exist only finitely many isomorphism classes of self-dual 
indecomposable endo-permutation modules over a finite p-group P? 
As he points out, if P is abelian the affirmative answer follows from 
Dade’s classification [4]. Our purpose here is to show that the general case 
reduces to the abelian one, which answers affirmatively Feit’s question. 
More generally, in [4] Dade determines the cap group associated with a 
finite abelian p-group showing in particular that this group is finitely 
generated: our main result here (cf. Theorem 2.2 below) implies that finite 
generation is still true in the non-abelian case (cf. Corollary 2.4 below). 
This result and the main steps of a proof were already announced in 17, 
Section81 and here we are just discharging ourselves of an old debt. 
Actually, as we said in [7, Section81, our result would follow from a 
complete classification of endo-permutation modules. 
1. NOTATION AND PRELIMINARY RESULTS 
1.1. Throughout the paper p is a prime number, 4 a perfect field of 
characteristic p and 0 a complete local noetherian ring with residue field R 
(we allow the case 0 = R). As usual, J(0) denotes the maximal ideal of 0. 
1.2. Let P be a finite p-group. A permutation OP-module is an 
Cop-module having a finite P-stable O-basis (cf. [S, p. 4051). Following 
Dade [4], an endo-permutation BP-module A4 is an Cop-module, B-free of 
finite rank, such that P stabilizes an o-basis of End,(M); this condition is 
evidently fulfilled if A4 is a permutation &P-module. It is already clear from 
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the definition that, when discussing endo-permutation @P-modules, we will 
be more interested in the algebra End,(M) than in the module A4 itself; 
this led us to consider the following slightly different approach. 
1.3. Recall that a P-algebra A (over 0) is an associative unitary 
O-algebra, O-free of finite rank, endowed with a group homomorphism 
cp: P + Aut(A); as usual, we write ax instead of cp(x))’ (a) for any x E P 
and any UEA. We denote by A” the opposite (P-)algebra and by AP the 
subalgebra of P-fixed elements. We say that A is a Dade P-algebra (over 0) 
if A is a P-algebra (over LO) fulfilling the following conditions: 
1.3.1. The group P stabilizes an O-basis of A containing the unity 
element. 
1.3.2. The algebra homomorphism A QO A” + End,(A) induced by left 
and right multiplication is bijective. 
Note that condition 1.3.1 is equivalent to the following one: 
1.3.3. As LOP-module, A is a permutation OP-module having at least 
one trivial direct summand. 
Indeed, obviously 1.3.1 implies 1.3.3 and it is not difficult to see that in 
any P-stable O-basis of A having P-fixed elements, some one of them can 
be replaced by the unity element. Moreover, by Nakayama’s lemma, A 
fulfills condition 1.3.2 if, and only if, ROO A does, which is equivalent to 
saying that A Q, A is a central simple R-algebra. In particular, in that case 
it is well known that the group homomorphism P -+ Aut(l@, A) induced 
by cp can be lifted to a unique group homomorphism P + (no, A)* from 
P to the group of invertible elements of A 0 O A; actually, if A is a Dade 
P-algebra, cp itself can always be lifted to a group homomorphism P + A* 
(but we do not need this fact here); so, if moreover A is a full matrix 
algebra over 0, any indecomposable projective A-module becomes an 
endo-permutation OP-module. 
1.4. It is quite clear that the tensor product of two Dade P-algebras is 
a Dade P-algebra too. If M is a permutation @P-module having at least 
one trivial direct summand, End,(M) endowed with the evident action of 
P is a Dade P-algebra; such a Dade P-algebra has the following alternative 
description. 
1.4.1. Let A be a Dade P-algebra. There exists a permutation 
LOP-module M such that A g End,(M) as P-algebras tx and only if, there is 
an idempotent i of AP such that iAi= 0. 
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Indeed, if A g End,(M), condition 1.3.1 implies that P fixes at least one 
element in any P-stable Lo-basis of End, (M) and therefore M has at least 
one trivial direct summand, which proves the existence of i above. Conver- 
sely, if i is an idempotent of AP such that iAi g 0, on one hand, since A has 
a unique conjugacy class of primitive idempotents, the O-algebra A is a 
full matrix algebra over 0 and in particular, the left A-module structure 
of Ai induces A g End,(Ai) as O-algebras; on the other hand, since 
A = AiO A( 1 - i) is a P-stable decomposition of A, the action of P on A 
induces a permutation Cop-module structure on Ai, which is clearly 
compatible with the left A-module structure; hence A g End,(Ai) as 
P-algebras. 
1.5. Now, we say that two Dade P-algebras A and B are similar if there 
exist two permutation BP-modules M and N, having at least one trivial 
direct summand, such that 
A O0 End,(M) s B@, End,(N) (1.5.1) 
Obviously, this is an equivalence relation compatible with tensor product 
and we denote by go(P) the set of equivalence classes, endowed with the 
commutative law induced by tensor product. It is clear that the Dade 
P-algebras coming from permutation @P-modules as above form an equiv- 
alence class which is the unity element in &SO(P) and then, condition 1.3.2 
implies that go(P) is an abelian group, named here the Dade group of P 
(over 0). Note that g8( 1) is nothing but the Brauer group of R. Moreover, 
ring extensions are clearly compatible with similarity and tensor product, 
and therefore induce group homomorphisms between the corresponding 
Dade groups; in particular (see [4, Proposition 12.11 for the corresponding 
result on cap groups). 
1.5.2. the group homomorphism 9,(P) -+ 9,(P) induced by ring 
extension is injective. 
Indeed, if A is a Dade P-algebra such that A = 10, A comes from a 
permutation k’P-module, there is an idempotent ie AP such that iAir X 
(cf. 1.4.1); but, by condition 1.3.1, AP maps onto 2’; hence, there is an 
idempotent i E AP such that iAiz 0 and therefore A comes from a 
permutation @P-module (cf. 1.4.1). 
1.6. Let Q be a finite p-group and c: Q + P a group homomorphism. 
For any P-algebra A we denote by Res,(A) the obvious restricted 
Q-algebra and it is clear that Res,(A) is a Dade Q-algebra whenever A is 
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a Dade P-algebra. Since restriction is compatible with similarity and tensor 
product, restriction induces a group homomorphism 
res,: gC(P) -+ g&Q). (1.6.1) 
If Q is a subgroup of P and 0 the inclusion map, we write ResG(A) and 
resg instead of Res,(A) and res,. We denote by VG(P), and name here the 
cap group of P, the kernel of res f ; note that, up to Hom(P, O*), this is the 
group introduced by Dade in [4, Proposition 3.111 (see 3.13 below) and 
that the evident group homomorphisms 1 + P + 1 induce a group 
isomorphism 
(1.6.2) 
1.7. As usual, if A is a P-algebra and Q a subgroup of P, for any 
subgroup R of Q we denote by Trg : AR + AQ the relative trace map and 
by A$ its image (cf. [S, Section 11); then we set 





where R runs over the set of proper subgroups of Q, and denote by 
BrQ: A” + A(Q) the canonical homomorphism. Note that 
1.7.2. if A is a Dade P-algebra and i an idempotent of AP such that 
Brp(i) # 0 then the O-algebra iAi, endowed with the induced action of P, is 
again a Dade P-algebra, similar to A. 
Indeed, iAi is a permutation Lop-module (cf. [S, p. 4061) and the 
hypothesis on i guarantees the existence of a trivial direct summand, so 
that iAi fulfills condition 1.3.3; on the other hand, the isomorphism 
A 0, A” r End,(A) implies 
iAi@, A” g End,(iA) and iAi@, iA”ig End,(iAi). 
Set mp(Q) = Np(Q)/Q; the R-algebra A(Q) has an evident m,(Q)-algebra 
structure and it is not difficult to get an N,(Q)-stable I&-basis of A(Q) from 
a P-stable O-basis of A (cf. [9; 2.8.41); in particular, when the P-algebra A 
fulfills condition 1.3.1, the m,(Q)-algebra does, and then it follows from 
[ 10, Proposition 5.61 that, for any P-algebra B, we have a canonical 
m,( Q)-algebra isomorphism 
(A 0, B)(Q) = A(Q) 0, B(Q). (1.7.3) 
Of course, definition (1.7.1) works also for BP-modules and, if M is a 
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permutation @P-module, it is not difficult to exhibit a canonical 
RJ Q)-algebra isomorphism (cf. [ 9; 2.9.11) 
(E%WMQ) z EndAM(Q (1.7.4) 
1.8. Now, we are ready to state one of the most interesting features 
of a Dade P-algebra A, namely, that A(Q) is still a Dade m,(Q)-algebra 
(over k) for any subgroup Q of P; more precisely, 
1.8.1. if A and B are similar Dade P-algebras then A(Q) and B(Q) are 
similar Dade m,(Q)-algebras for any subgroup Q of P. 
Indeed, we already know that A(Q) and B(Q) fulfill condition 1.3.1; 
condition 1.3.2 follows from (1.7.3), (1.7.4), and the fact that the following 
evident diagram commutes 
A@,A” - End,(A) 
I I 
AQ@, (A”)” - End,(A)Q 
I I 
A(Q) 0, A(Q)” - EndMQ)) g (End,(A))(Q) 
Finally, if A and B fulfill condition (1.51) with respect o suitable permuta- 
tion OP-modules A4 and N, it follows again from (1.7.3) and (1.7.4) that 
A(Q) and B(Q) fulfill also condition (1.5.1) with respect the permutation 
RR,(Q)-modules M(Q) and N(Q). Hence, for any subgroup Q of P, 
definition (1.7.1) induces a map 
(1.8.2) 
which is actually a group homomorphism by 1.7.2; following Dade [4], we 
call this group homomorphism a slash-Q map. It is clear that slash maps 
are compatible with restriction, namely, 
1.8.3 if R is a subgroup of P containing Q, the following diagram 
commutes 
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2. STATEMENT OF THE MAIN RESULT 
2.1. Let P be a finite non-trivial P-group. An evident induction argu- 
ment reduces finiteness questions like (Q) to similar questions on the 
following subgroup of the Dade group of P 
6$(P) = n Ker(slg), 
Q 
(2.1.1) 
where Q runs over the set of non-trivial subgroups of P. As we show below 
(cf. Remark 3.4), the cap group VU(P) contains 8”(P) and therefore the 
following statement shows that &e(P) is the subgroup of go(P) formed by 
the equivalence classes of Dade P-algebras coming from the endo-trivial 
BP-modules introduced by Dade in [4, Section 7-J. 
2.1.2. Let A be a Dade P-algebra and assume that the unity element is 
primitive in AP. Then, the similarity class of A belongs to &e(P) if and only 
if, we have dim,(A(Q)) = 1 f or any non-trivial subgroup of P. 
Indeed, if for any non-trivial subgroup Q of P, A(Q) is similar to I, it 
follows from 1.4.1 that Np(Q) fixes a primitive idempotent j of A(Q); but, 
arguing by induction on 1 P : Ql, we may assume that Q # P and 
dim,(A(R)) = 1 for any subgroup R of Np(Q) containing Q properly; in 
that case, since A(Q)(R) E A(R) (cf. [2, Proposition 1.53) and the kernel of 
Br, in jA(Q)J is trivial, we have BrR(j) = 1 in A(R) for such an R and 
therefore 1 - j belong to A(Q)?(“) (cf. [Z, Lemma 1.111). Since 
Br,(A’p) = A(Q)ytQ), (cf. [2, Lemma 1.121) and the unity element is 
primitive in AP, we get j = 1 and so, A(Q) z R. Note that, if Q is a non- 
trivial subgroup of P, it follows from 1.8.3 that rest maps &e(P) to 6’&(Q). 
THEOREM 2.2. The group homomorphism induced by restriction 
4’,(P) + n 4JQ), (2.2.1) 
Q 
where Q runs over the set of non-trivial p-elementary subgroups of P, has a 
finite kernel. 
Remark 2.3. Since &e(P) c%e(P) (cf. Remark 3.4 below), it follows 
from [4, Theorem 12.51 that the kernel of (2.2.1) is trivial whenever P is 
abelian. Although this kernel is not always trivial (cf. [4, Section 123) we 
have no idea on its general pattern. 
COROLLARY 2.4. The cap group %?J P) is finitely generated. In particular, 
its torsion subgroup is finite. 
AFFIRMATIVE ANSWER TO A QUESTION OF FEIT 519 
Proof: By [4, Theorem 12.51, we already know that the corollary is 
true whenever P is abelian. On the other hand, by [4, Theorem 4.153 or 
Remark 3.4 below, we have slL(VO(P)) c ‘%‘Jflp(Q)) for any subgroup Q of 
P. Hence, arguing by induction on IPI, we may assume that sli(GZO(P)) is 
finitely generated for any non-trivial subgroup Q of P and then 
Corollary 2.4 follows from Theorem 2.2. 
2.5. We will show now that Corollary 2.4 allows us to answer aflirma- 
tively Feit’s question. Let M be a self-dual indecomposable ndo-permuta- 
tion OP-module and consider the P-algebra End,(M); if Q is a vertex of 
M we have (End,(M))(Q) # {Oj and therefore Resg(End,(M)) is a Dade 
Q-algebra (cf. 1.3), which determines an element v of G?&(Q) such that 
v2 = 1; moreover, if N is a source (for Q) of M, End,(N) is a Dade 
Q-algebra similar to ResG(End,,(M)) (cf. 1.7.2). But, on the other hand, we 
have the following general fact: 
2.5.1. If A and B are similar Dade P-agebras such that the unity 
elements are primitive in AP and BP then A E B. 
Indeed, by (1.5.1) there is a Dade P-algebra C (any member of (1.5.1)) 
having P-fixed idempotents i and j such that A r iCi and B g jCj; in par- 
ticular, i and j are primitive in Cp and Brp(i) # 0 # Brp(j); hence, since 
C(P) is simple (cf. 1.8.1), it follows that i and j are conjugate in Cp and 
therefore, A g B. Coming back to the question of Feit, if M’ is another 
indecomposable ndo-permutation Cop-module of vertex Q and source N’, 
and End,(N) determines the same element v of %?JQ) then it follows from 
2.5.1 that End,(N) z End,(N) as Q-algebras and therefore, N’ g oV,O, N 
as LoQ-modules, where (IJV is the rank one OQ-module associated with a 
group homomorphism rp: Q -+ 8*. The finiteness is clear. 
3. PROOF OF THE MAIN RESULT 
3.1. Let us recall some terminology of [6]. A finite extension 0’ of 0 is 
a local ring containing 0 which is O-free of finite rank as Co-module. Let A 
be an associative unitary O-algebra, Co-free of finite rank as @module; we 
say that A is a split B-algebra if, for any finite extension Co’ of Lo, the image 
10 i of any primitive idempotent i of A is primitive in 0’ OS A. Since we 
assume that k is perfect, it follows from [6, Lemmas 1.3 and 1.71 that 
3.1.1. A is a split O-algebra zx and only if, any simple quotient of A is 
a full matrix algebra over A. 
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In any case, it is clear that there is a fnite extension 0’ of 0 such that 
Lo’ 0, A is a split U-algebra. Note that, on the contrary, conjugacy classes 
of idempotents do not split through finite extensions; precisely: 
3.1.2. Let i and j be idempotents of A and 0’ a finite extension of 0. 
Then, 1 Q i and 1 @j are conjugate in 0’ 0, A if, and only if, i and j are 
conjugate in A. 
Indeed, if 10 i and 10 j are conjugate in 0’ 0, A, for any simple 
quotient 1 of A, their images are still conjugate in )&IQ1 2 where A’ is the 
residue field of 0’; in particular, denoting by i and j the images of i and j 
in A, we get dim, (Ai) = dim,(z) and therefore i and J are conjugate in A. 
3.2. Let P be a finite p-group. If A is a P-algebra, note that, for any 
finite extension 0’ of 0 and any subgroup Q of P, we have 
O’@,A%(O’@,A)” and 4’694 A(Q)z (Q’Qo A)(Q), (3.2.1) 
where R’ is the residue field of CO’. In particular, there is a finite extension 
Co’ of 0 such that, for any subgroup Q of P, AQ is a split O-algebra. First 
of all, let us discuss splitness of Dade P-algebras (to compare with [4; 6.4 
and Theorem 6.63). 
PROPOSITION 3.3. Let A be a Dade P-algebra. Zf A is a split O-algebra 
then, for any subgroup Q of P, AQ is a split O-algebra too, and in particular, 
A(Q) is a full matrix algebra over k. 
Remark 3.4. In terms of Dade groups and slash maps, Proposition 3.3 
implies that ~l~(%?C(P))c%‘J~p(Q)) and therefore %JP) is the inverse 
image of YAWQ)) in 9,(P) by the slash-Q map, for any subgroup Q of 
P (cf. (1.6.2)). 
ProoJ Arguing by induction on IPI, we may assume that, for any 
proper subgroup Q of P, AQ is a split O-algebra and therefore, A(Q) is a 
full matrix algebra over R (cf. 1.8.1 and 3.1.1). Then, it follows easily from 
[6, Lemmas 1.5 and 4.11 (so, including non-unitary algebras in the argu- 
ment) that it suffices to prove that A(P) is a split R-algebra. But, if P# 1 
and Q is a maximal subgroup of P, on one hand we have A(P) E A(Q)(P) 
where P= P/Q (cf. [2, Proposition 1.51) and, on the other hand, 
A(Q) g End,(N) where N is a O-module (since the action of P on A(Q) 
can be lifted in a group homomorphism P -+ A(Q)*). As any indecom- 
posable RF-module is absolutely indecomposable, A(Q)’ and therefore 
A(P) are indeed split A-algebras. 
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PROPOSITION 3.5. Let A and B be Dade P-algebras. We have A z B if, 
and only if, A and B are similar and dim,(A( Q)) = dim,(B(Q)) for any 
subgroup Q of P. 
Proof: If A E B everything is clear. Assume now that A and B are 
similar; by (1.5.1) there is a Dade P-algebra C having P-fixed idempotents 
i and j such that A s iCi and B g jCj; hence, for any subgroup Q of P, if 
dim,(A(Q)) = dim,(B(Q)) then the idempotents Bra(i) and Bra(j) are con- 
jugate in C(Q) and therefore, the proposition follows from the following 
lemma. 
LEMMA 3.6. Let C be a P-algebra. Two P-fixed idempotents i and j are 
conjugate in Cp if, and only if, Bra(i) and Brg(j) are conjugate in C(Q) for 
any subgroup Q of P. 
ProoJ: For any subgroup Q of P, we may assume that BrQ(i) and 
Bra(j) are conjugate in C(Q) and, by 3.1.2 and 3.2.1, that CQ is a split 
o-algebra. Consider the algebra homomorphisms f: 0 + Cp and g: 0 -+ Cp 
mapping respectively 1 E 0 upon li and Ajj; to show that i and j are con- 
jugate in C’, borrowing notation and terminology from [8] it suffices to 
prove that, for any y EY,(P), f and g have the same multiplicity at the 
unique point n: = { 1 } of 0 and y (cf. [8, Proposition 2.31). 
Let y be a point of P on C and Q, a defect pointed group of P, (i.e., a 
maximal local pointed group on C such that Q6 c P,); we will prove that 
m(f ); = m(g),” arguing by induction on 1 P : Ql. Since BrQ(i) and Br,(j) 
are conjugate in C(Q) and 6 is a local point, we have (cf. [9; 2.10.11) 
m(f )i = m(g);; (3.6.1) 
on the other hand, it is clear that 
m(f )Z = C m(f I;( m;’ 
.~. 
and m(g)i=Cm(g)J,m$, (3.6.2) 
Y’ 
where y’ runs over the set of points of P on C such that Qd c P,, (i.e., such 
that rn$ # 0); but, if y’ is such a point, there is a defect pointed group Qh, 
of P,, containing Q6 and, by the induction hypothesis, Q6 # QL, implies 
that m(f )t, = m( g)t, ; hence, by (3.6.1) and (3.6.2), it suffices to prove that 
if Q, = Qe, then y = y’. 
Assume that Q6 = Qe,, set R= Np(Q)/Q and consider the N-algebra 
C(Qa); since Co is a split O-algebra, C(Qb) is a full matrix algebra over R 
(cf. 3.1.1) and therefore we have C(Qa) g End,(V) for some In-module V. 
On the other hand, it follows from [S, Proposition 1.31 that the images of 
y and y’ in C(Qa) are-conjugacy classes of primitive idempotents of C(Qa)’ 
contained in C(Qd)r. Hence, these images correspond to isomorphism 
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classes of indecomposable projective direct summands of V and therefore, 
since any indecomposable projective AN-module is isomorphic to s?N, they 
coincide, so that y = y’. 
COROLLARY 3.1. Let A and B be Dade P-algebras. We have A g B $ 
and only if, we have n@, AZ&Q, B. 
Proof. If R O0 A z R 0, B then A and B are similar (cf. 15.2) and, 
since 
A(Q) r (RQ, A,(Q) and B(Q) z b-f 0, B)(Q) (3.7.1) 
for any subgroup Q of P, the corollary follows from Proposition 3.5. 
COROLLARY 3.8. Let A and B be Dade P-algebras and 0’ a finite exten- 
sion of 0. We have AzB if, and only if, we have B’Q,Az~‘@,B and 
Resr(A) z Resr(B). 
Remark 3.9. Note that if X is a field extension of +!, it follows from 
Hilbert’s Nullstellensatz that if X 0, A g X 0, B then there is a finite 
field extension R’ of A such that k’ Qm A E R’ 0, B. 
ProofI If 0’00 AZ@‘@, B and Resr(A)gResr(B) then, by 3.2.1 
and Proposition 3.5, it suffices to prove that A and B are similar or, 
equivalently, that there is an idempotent iE (A”@, B)P such that 
i(A”@, B)iz0 (cf. 1.4.1 and 1.5). On one hand, since Resp(A) and 
Resp(B) are similar, A”@, B is a split Co-algebra nd therefore, by 
Proposition 3.3, (A”@, B)’ is a split o-algebra too. On the other hand, 
since 0’00 A and WOO B are similar, there is an idempotent 
I’m (O’Q, (A”@, B))’ such that i’(0’0, (A”@, B)) i’z Co’. Hence, 
by 3.2.1 there is an idempotent iE (A”@, B)P such that 
0’0, i(A”@, B)irO’ and therefore, i(A”@, B)iz0. 
The next result-together with Carlson’s main theorem in [3]-is the 
main tool to prove Theorem 2.2. 
THEOREM 3.10. For any n 3 0 the set of isomorphism classes of Dade 
P-algebras A such that rank,(A) < n and A is a split O-algebra is finite. 
Proof: By Corollary 3.7 we may assume that 0 = R. Let U be a finite set 
endowed with an action of P, having at least one P-fixed element u,; it 
suffices to prove the finiteness of the set of isomorphism classes of Dade 
P-algebras A which are split $-algebras and bear U as P-stable basis and 
u0 as the unity. Obviously, we may assume that this set is not empty. 
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Consider the polynomial ring R[ { Xr ,} u,u,w E .] and the ideal a generated 
by the family of the following polynomials 
qu,,w, = 1 w:,,x:,,- xp-:,..) fEU 
6, = K,,,, - 6u.s and ei = XsU,uo - d,,, 
cr (u u w,) = xl\;’ li - X” I . II ,D u, t’) 
where (u, u, w, s) runs over U x U x U x U and x over P; then denote by 92 
the localization of k[ { Xz,} U,V,WE u ]/a by the image of the multiplicative set 
{CL &(fJ) n,,, q!y’Y%wl where (T runs over the symmetric group of 
U x U, u and v run over U, E(O) is the sign of a and, if u, v, w, s E U, we set 
clearly, 92 is a commutative k-algebra generated by the set of images p,“;, 
of Xr,, where (u, u, w) runs over U x U x U and in particular, the set 9 of 
minimal prime ideals of W is finite. 
Let 9917 be the free B-module over U endowed with the distributive 
product defined by 
u*v= c d,d rcu 
and with the action of P induced by the action of P on U. The definition 
of W has been done in such a way that .@U becomes an associative unitary 
P-algebra over 92 and that the algebra homomorphism 
BU@, (9U)” -+ End,(BU) 
induced by left and right multiplication is bijective (since the determinant 
of the matrix of this map in the canonical S?-basis is invertible in 9, again 
by the definition of 5%‘). In particular, for any prime ideal p of R, denoting 
by Z(n) an algebraic closure of the field of fractions 4(p) of W/p, the exten- 
sion Z(p)@, .%?U is a Dade P-algebra over Z(n) (cf. 1.3). 
Let A be a Dade P-algebra over R bearing U as a P-stable basis and u,, 
as the unity, and denote by Irk,, the elements of 4 such that we have (in A) 
for any (u, v) E U x U. It follows again from the definition of 2 that there 
is a unique I-algebra homomorphism cp: B -+ A mapping pl,, upon Ai,, for 
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any (u, o, t) E U x U x U and, denoting by A, the a-algebra structure over 
A defined by cp, we have a P-algebra isomorphism 
R,@,J%fUEA (3.10.1) 
(mapping 10 u upon u for any u E U). Now, for any prime ideal p of 2 
such that p c Ker(cp), we claim that there is a P-algebra isomorphism 
~(jQO,WUri&(p)O,A (3.10.2) 
Indeed, denoting by 6(p) the completion of the local ring O(p) of W/P 
at Ker(cp)/p, it is clear that we can identify 1 with the residue field of 6(p) 
and it makes sense to state (cf. (3.10.1)) 
n@ o~(~)(~(P)O~~U)~~,O,WU~A=R~~(,,(~(~)~,A); 
hence, by Corollary 3.7 we get a P-algebra isomorphism 
b(p) @,9?U E h(p) Ba A. (3.10.3) 
But it is well known that A(p)@,(,, 6(p) # (0) (cf. [l, Chap. III, Sec- 
tion 3, Theorem 33) and therefore, we may consider a field X which is the 
quotient of Z(p)@ 0(pj 8(p) by a maximal ideal. Consequently, it makes 
sense to state (cf. (3.10.3)) 
and therefore, since X 0, A g X Ozc,, (Z(p) Ox A), the isomorphism 
(3.10.2) follows now from Remark 3.9. 
Finally, let B be another Dade P-algebra over R bearing U as a P-stable 
basis and u0 as the unity, and denote by I,$: %? + 4 an algebra homo- 
morphism such that we have a P-algebra isomorphism 
k,@,%‘UsBB. (3.10.4) 
If p c Ker($) then the previous argument applies to B and by (3.10.2) we 
get P-algebra isomorphisms 
~(p)~,A~:;&(p)~,~ur;&(p)~,~; (3.10.5) 
applying again Remark 3.9, we see that there is a finite extension R’ of R 
such that R’ Oa A E R’ 0, B as P-algebras. If moreover A and B are split 
R-algebras then A 1 B by Corollary 3.8. As we can always choose p 
minimal, the theorem follows from the finiteness of 9. 
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Remark 3.11. Note that our proof of Theorem 3.10 shows that 
~3-IIT,d .%?/p” for a suitable n. Indeed, let p and p’ minimal prime ideals 
of .%’ such that p + p’ # 6% or, equivalently, g/p OB a/p’ # (0) and denote 
by Z an algebraic closure of the quotient X of W/p 0, L%/p’ by some 
maximal ideal and by cp: L% + 3 and cp’: ~8 -+ 2 the I-algebra 
homomorphisms mapping p E &? upon the respective images of 10 p and 
p@ 1 in X. Then, it follows from (3.10.2) that we have the following 
P-algebra isomorphisms 
On the other hand, it is clear that the group of automorphisms of the 
/P-module RU is the group of R-rational points of a connected affne 
algebraic group 8, defined over 4, and that the group 6 has a natural 
algebraic action on the affine variety associated with .G%. With this in mind, 
the existence of a P-algebra isomorphism zV 0, WU z L%$ 0, %?U clearly 
means that cp and cp’ are in the same @(X)-orbit. Since 8 is connected, 
this forces p = p’. The statement follows now from the existence of a 
primary decomposition of (0) in W and the so called Chinese Remainder 
Theorem. 
3.12. Henceforth we prove Theorem 2.2. So, we assume that P # 1 and, 
by 1.52 and (3.7.1), we may assume that 0 = A. By 1.7.2 and Theorem 3.10, 
it suffices to exhibit a bound for the dimension of the Dade P-algebras A 
(over 4) such that their similarity class belongs to the kernel of the group 
homomorphism 2.2.1 and their unity element is primitive in A’. Since 
c&(P) c V/(P) (cf. Remark 3.4), we have A z End,(M) for some IP-module 
M unique up to isomorphism, and then, for any P-elementary subgroup Q 
of P, Resi(M) is a permutation BQ-module (cf. 1.5); now, it follows easily 
from 2.1.2 that Resg(M) is isomorphic to the direct sum of the trivial and 
a projective AQ-modules (cf. [9, 2.9.1 I). Consequently, Carlson’s Main 
Theorem in [3] provides a bound for dim,(M). 
3.13. A last remark. By 1.7.2 and 2.5.1, for any Dade P-algebra A, there 
exists a unique (up to isomorphism) Dade P-algebra B such that the unity 
is primitive in BP, a permutation OP-module N and an idempotent i in 
(BO, End,(N))P fulfilling Ari(B@, End,(N))i. 
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